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o 

£N| ' Let L denote a right-invariant sub-Laplacian on an exponential, hence solvable Lie 

group G, endowed with a left-invariant Haar measure. Depending on the structure of G, 
and possibly also that of L, L may admit differentiable L p -functional calculi, or may be 
of holomorphic L p -type for a given p ^ 2. By "holomorphic L p -type" we mean that every 
L p -spectral multiplier for L is necessarily holomorphic in a complex neighborhood of some 
non-isolated point of the L 2 -spectrum of L. This can in fact only arise if the group algebra 
• L (G) is non-symmetric. 

\ Assume that p ^ 2. For a point £ in the dual g* of the Lie algebra g of G, we denote by 

Q,{£) = Ad*(G)£ the corresponding coadjoint orbit. We prove that every sub-Laplacian on G 
is of holomorphic L^-type, provided there exists a point £ € g* satisfying "Boidol's condition" 
(which, by [20] is equivalent to the non-symmetry of L 1 (G)), such that the restriction of Vl(£) 
to the nilradical of g is closed. This work improves on the results in [3], [16] in twofold ways: 
On the one hand, we no longer impose any restriction on the structure of the exponential 
group G, and on the other hand, for the case p > 1, our conditions need to hold for a single 
coadjoint orbit only, and not for an open set of orbits, in contrast to [16]. 

It seems likely that the condition that the restriction of fl(£) to the nilradical of g is 
closed could be replaced by the weaker condition that the orbit £l(£) itself is closed. This 
would then prove one implication of a conjecture made in [16], according to which there 
exists a sub-Laplacian of holomorphic L 1 (or, more generally, L p )-type on G if and only if 
[ there exists a point £ G g* whose orbit is closed and which satisfies Boidol's condition. 1 
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Introduction 



A comprehensive discussion of the problem studied in this article, background information and 
references to further literature can be found in [16]. We shall therefore content ourselves in this 
introduction by recalling some notation and results from [16]. 

If T is a self-adjoint linear operator on a Hilbertian L 2 -space L 2 (X,d/j,), with spectral reso- 
lution T = J XdE x , and if m is a bounded Borel function on R, then we call m an L p -multiplier 

R 

for T (1 < p < oo), if m(T) := J R m(X)dE\ extends from L p D L 2 (X, dfi) to a bounded operator 
on lP(X,d(j). We shall denote by A4 P (T) the space of all L p -multipliers for T, and by o~ p {T) 
the LP- spectrum of T. We say that T is of holomorphic L p -type, if there exist some non-isolated 
point Ao in the L 2 -spectrum 02 (T) and an open complex neighborhood IA of Ao in C, such that 
every m G M. p (T) n Coo(R) extends holomorphically to U. Here, Coo(R) denotes the space of all 
continuous functions on R vanishing at infinity. 

Assume in addition that there exists a linear subspace T> of L 2 (X) which is T- invariant and 
dense in L P {X) for every p E [l,oo[, and that T coincides with the closure of its restriction to 

1 keywords: exponential solvable Lie group, sub-Laplacian, functional calculus, L p -spectral multiplier, symme- 
try, unitary representation, holomorphic L p -type, heat kernel, transference, perturbation 
1991 Mathematics Subject Classification: 22E30, 22E27, 43A20 
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V. Then, if T is of holomorphic L p -type, the set U belongs to the L p -spectrum of T, i.e. 



(0.1) U C a p (T). 

In particular, 

(0.2) a 2 (T) C a p (T). 

Throughout this article, G will denote an exponential Lie group, i.e. the exponential mapping 
exp : g — > G is a diffeomorphism from the Lie algebra q of G onto G. Such a group is solvable 
[1]. The inverse mapping to exp will be denoted by log. 

We fix a left-invariant Haar measure dg on G. If it : G — > is a unitary representation 

of G on the Hilbert space H = H^, then we denote the integrated representation of L}(G) = 
L l (G,dg) again by vr, i.e. tt(/)£ := / G f(gMg)£ dg for every / e L X (G), (G^. For l£ 8 ,we 
denote by dn(X) the infinitesimal generator of the one-parameter group of unitary operators 
i i ^ 7r(expLY). By X r we denote the right- invariant vector field on G, given by 

X r f(g) := Um±[f({exptX)g) - f(g)]. 

For a given function / on G, we write 

[\(g)f](x) := /(g^x), g,xeG, 

for the left-regular action of G. Then A, acting on L 2 (G), is a unitary representation. In 
particular, we have 

(0.3) X r = -dX(X) 

and 



(0.4) n(X r <p) = -dTr(X)Tr(ip) 

for every iGg, </? G f(G) := Gq°(G) and every unitary representation 7r of G. 

In the sequel, we shall usually identify l€j with the right-invariant vector field —X r = 
d\(X), since dX (as dn for any unitary representation ir) is a morphism of Lie algebras. One 
should notice that dX(X) agrees with —X at the identity e of G, not with X. Then (0.4) reads 
simply 

(0.5) n(Xtp) = dTr{X)Tr(ip). 

dir extends from q to a representation tToq of the universal enveloping algebra u(g) of g on the 
space G°°(7r) of all G°°-vectors for ir. Extending the convention above, we shall often identify 
A e u(g) with the right-invariant differential operator A QO ( J 4) on G. Notice that Aoo(u($j)) consists 
of all right-invariant complex coefficient differential operators on G. 

Choose right invariant vector fields X±, . . . , X^ of g generating g as a Lie algebra, and form 
the so-called sub-Laplacian 

k 
3=1 

By [18], [11] L is hypoelliptic and essentially self-adjoint as an operator on L 2 (G, dg) with domain 
V(G). We denote its closure again by L. Since G is amenable, one has 

(0.6) a 2 (L) = [0,oo[. 
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In this article, we shall give sufficient conditions for such an operator to be of holomorphic 
L p -type. As has been explained in [16], a necessary condition for this to happen is the non- 
symmetry of the underlying group. Recall that the modular function on G is defined by the 
equation 



/ f(xg)dx = AG(g)- 1 [ f(x)dx, g G G. 
J G J G 



We put 



fig) := fig" 1 ), 

rig) ■= A^Grt/Gri). 

Then / i— ► /* is an isometric involution on L 1 (G), and for any unitary representation ir of G, 
we have 

*(/)* = *(/*) . 

The group G is said to be symmetric, if the associated group algebra i 1 (G) is symmetric, 
i.e. if every element / <G L^ig) with f* = f has a real spectrum with respect to the involutive 
Banach algebra L 1 (G). 

The exponential solvable non-symmetric Lie groups have been completely classified by Pogun- 
tke [20] (with previous contributions by Leptin, Ludwig and Boidol) in terms of a purely Lie- 
algebraic condition (B). Let us describe this condition, which had been first introduced by Boidol 
in a different context [2]. 

Recall that the unitary dual of G is in one to one correspondence with the space of coadjoint 
orbits in g* via the Kirillov map, which associates with a given point £ G g* an irreducible 
unitary representation ir^ (see Section 1). 

If £ is an element of the dual space g* of g, denote by 

a(H) := kerad*(^) = {X G g : £([X,Y]) = VY G g} 
the stabilizer of £ under the coadjoint action ad*. Moreover, if m is any Lie algebra, denote by 

m = m Dm D . . . 

the descending central series of m, i.e. m 2 = [m,m], and m fc+1 = [m,m fc ]. Put 



n 

k 



m°° is the smallest ideal 6 in m such that m/t is nilpotent. Put 

mil) :=&i£) + [&,&]. 

Then we say that I respectively the associated coadjoint orbit Q(£) := Ad*(G)^ satisfies Boidol' s 
condition (B), if 

(B) *L W =o^0. 

According to [20], the group G is non-symmetric if and only if there exists a coadjoint orbit 
satisfying Boidol's condition. 

If £1 is a coadjoint orbit, and if n is the nilradical of g, then 

:= {£\ n : £ e n} C n* 
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will denote the restriction of f2 to n. 

In this article, we shall prove the following extension and improvement of the main theorems 
in [16]. 

Theorem 1 Let G be an exponential solvable Lie group, and assume that there exists a coadjoint 
orbit 0.(1) satisfying BoidoVs condition, whose restriction to the nilradical n is closed. Then every 
sub-Laplacian on G is of holomorphic L p -type, for 1 < p < oo. 

Remarks, (a) A sub-Laplacian L on G is of holomorphic L p -type if and only if every continuous 
bounded multiplier F <G M P (L) extends holomorphically to an open neighborhood of a non- 
isolated point in a-z(L). 

For, with F, also the function F(\) := e~ x F(\) lies in M P (L), since F(L) = e~ L F(L), where 
the heat operator e~ L is bounded on every L P (G). Furthermore, F lies in Coo(IR). 

(b) If the restriction of a coadjoint orbit to the nilradical is closed, then the orbit itself is 
closed (see Thm. 2.2). 

(c) Under the hypotheses of the theorem, we obtain in particular that the L 2 -spectrum 
of L is strictly contained in the L p -spectrum of L (see (0.2)). This results has been proved 
independently by D. Poguntke [21]. 

(d) What we really use in the proof is the following property of the orbit VL : 

is closed, and for every real character v of q which does not vanish on g(^), there exists a 
sequence {r n } n of real numbers such that liimj^oo SI + T n v = oo in the orbit space. 

This property is a consequence of the closedness of Sl| n . There are, however, many examples 
where the condition above is satisfied, so that the conclusion of the theorem still holds, even 
though the restriction of Q to the nilradical is not closed (see e.g. Section 7). We do not know 
whether the condition above automatically holds whenever the orbit O is closed. 

The article is organized as follows: In Sections 1 and 2 we recall some basic facts from 
the unitary representation theory of exponential Lie groups (compare [1], [15]). Moreover, we 
prove a kind of Riemann-Lebesgue lemma for one parameter families of coadjoint orbits whose 
restrictions to the nilradical are closed. In the third section, we show how the irreducible 
unitary representations of such a group, which are in fact induced from characters of suitable 
polarizing subgroups, can be realized on Euclidean L 2 -spaces. This will then allow for the 
construction of analogous, isometric representations on certain mixed L p -spaces. Section 4 
provides some auxiliary results. In Section 4.1, we prove some results on compact operators 
acting on mixed L p -spaces and their spectral properties. In particular, we prove an extension 
of a classical interpolation theorem by Krasnoselskii for compact operators acting on mixed 
L p -spaces. Moreover, making use of well-known results on approximate units of Herz-Schur 
multipliers for amenable groups, we prove a result on the approximation of certain convolution 
operators by convolutions with continuous functions with compact support. This result will later 
allow us to apply a transference result by Coifman and Weiss to spectral multiplier operators 
F(L). In Section 5 we show how, in the presence of Boidol's condition, one can construct 
certain analytic families {is\} z of bounded representations acting on mixed L p - spaces. Moreover, 
putting T(z) := 7r|(/ii), where h% denotes the heat kernel associated to L at time t > 0, we show 
that {T(z)} z is an analytic family of compact operators on a wide range of mixed L p -spaces, so 
that we can apply analytic perturbation theory. Putting together all results from the preceding 
sections, we complete the proof of Theorem 1 in Section 6. Finally, in Section 7 we present the 
example announced in Remark (d). 
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1 Irreducible unitary representations 

Let again G = expg denote an exponential solvable Lie group and n a nilpotent ideal of g 
containing [g,g\. Consider a composition sequence 

= 00 3 01 3 • • • 3 0m = {0} 

for the adjoint action of g, so that gj/gj+i is an irreducible ad(g)-module. Since g is solvable, 
by Lie's theorem we have dim gj/g^+i < 2. We may and shall assume that g q = n for some g. 
Choose a refinement 

g = a D ai D . . . D a r = {0} 

of the composition sequence, which means that dim(a.,/a., + i) = 1, and that either a,j = Qi for 
some i, or, if cij is not an ideal of g, then cij_i = g« and a J+ i = gj + i for some i. We call such a 
sequence {aj}j a Jordan- Holder sequence for g. Each aj is a subalgebra of g. 

Let now £ be an element of g*. Denote by aj(£) the subalgebra aj(£) := {X € a, : £([X, Oj]) = 
{0}}, i.e. Oj(^) is the stabilizer of £\ aj in a.,-. 

Put 

p(£) :=][>#). 

j=0 

Then p(^) is a so-called Vergne-polarization for £. In particular, it is a polarization, i.e. a 
subalgebra p of g of maximal possible dimension ^(dimg + dimg(£)) such that £([p,p]) = {0}. 
Let P(£) := expp(-f) C G. We can define the unitary character 

Xt(p):=e u Q°*'\ P eP(£), 
of the closed subgroup P(£), and denote by 

G 

= K£,p(£) ■= indp^x^ 

the unitary representation of G induced by the character \t °f P{fy- Let us briefly recall the 
notion of induced representation [1]: 

If P is any closed subgroup of G, with left-invariant Haar measure dp and modular function 
Ap, denote for F € Cq(G) by F the function on G given by 

F{x) := f F(xp)^(p)dp, xeG, 
JP Ap 

where Aq and Ap denote the modular functions of G and P, respectively. We shall also write 
A^p instead of A^/Ap. Then F lies in the space 



£(G,P) := {/ E C(G, C) : / has compact support modulo P, 
and f(xp) = (A G) p(p))-V(x) Vx € G,p G P}. 

In fact, one can show that £(G,P) = {F : F £ Co(G)}. Moreover, one checks that F = 
implies J G F(x)dx = 0. From here it follows that there exists a unique positive linear functional, 
denoted by § G / P dx, on the space £(G,P), which is left-invariant under G, such that 



(1.1) J F{x)dx = j ^ F{x)dx = j> ^ j f(xp)A G/P (p)dpdx 

for every F G C {G). 
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Now, given i and the polarizing subgroup P = P(£), put 

£(G,P,£) := {/ G G(G, C) : / has compact support moduloP, 

and f(xp) = ^XAcpCp))- 1 / 2 / (*) VxGG, P e P}, 

endowed with the norm 




Observe that |/| 2 G £ (G, P). Let = Hi^p^) denote the completion of S(G, P, i) with respect to 
this norm. Then Hi becomes a Hilbert space, on which G acts by left-translations isometrically, 
and tt£ is defined on He by 

M<?)/](*) := /GT 1 *) = [\(g)f](x) for all / G He, g,x, G G. 

It has been shown by Bernat-Pukanszky and Vergne that the unitary representation n£ is irre- 
ducible, and that iT£ is equivalent to tt£>, if and only if I and £' lie on the same coadjoint orbit, 
i.e. if and only if Ad*(G)^ = Ad*(G)£' (see [1] or [15, Theorem 8]) . Moreover, every irreducible 
unitary representation of G is equivalent to some tt£. This shows that one has a bijection 

K : g*/Ad*(G) — ► G, Ad*(G)^ H, 

called the Kirillov-map. Here, [71^] denotes the equivalence class of tt£, and G the (unitary) dual 
of G, i.e. the set of all equivalence classes of unitary irreducible representations of G. 

2 The topology of G 

Suppose again G to be exponential, and denote by G*(G) the C* -algebra of G, which is, by 
definition, the completion of L X (G) with respect to the C*-norm 

||/||c. := sup IK/OH, / G L l {G). 

TreG* 

Since G is amenable, ||/||c* is in fact equal to ||A(/)||, where A denotes the left-regular repre- 
sentation (see ([19]). 

If 7T G G, 7T extends uniquely to an irreducible unitary representation of G*(G), also denoted 
by 7T, and we let 1^ be the kernel of ir in G*(G). This two-sided ideal is by definition a so-called 
primitive ideal, and we denote by Prim(G) := {I w : ir G G} the set of all primitive ideals of 
G*(G). We endow Prim(G) with the Jacobson topology. Thus a subset G of Prim(G) is closed 
if and only if C is the hull h(I) of an ideal, i.e. G = h(I) := {J G Prim(G) : J D J}. For any 
subset A of Prim(G), we denote by kerA := CljeA J * ne kernel of A, which is an ideal in G*(G). 

In any G*-algebra, a closed two-sided ideal I is always the kernel of its hull, i.e. 

(2.1) /= n J ; 

JePrimC*(G),JDl 

see e.g. [5, 2.9.7]. 

Now, since exponential Lie groups are so-called type I groups, the mapping 

1 : G 3 [tt] ^ 4 G Prim(G) 
is a bijection (see [15, §6]). In particular, to K : g*/Ad*(G) — > Prim(G) is bijective. 
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Even more is true: If we endow g*/Ad*(G) with the quotient topology induced by the 
topology of g*, then 

to K is a homeomorphism 

(see [15, §3, Theorem 1]). We introduce on G a topology by pulling back the topology of Prim(G) 
via l. 

Our proof of Theorem 1 will make use of the following results, the first of which is taken 
from [16]. 

Theorem 2.1 Suppose G is an exponential solvable Lie group, and let I G g*. If the orbit 
£l{£) = Ad*(G)^ is closed, then -Kt{C*{G)) is the algebra of all compact operators on He- In 
particular, 7re(f ) is compact for every f G L 1 (G). 

The second result is a kind of "Riemann-Lebesgue Lemma". Let us call an element v G q* 
a character, if i/([g,g]) = {0}. 

Theorem 2.2 Suppose G is an exponential solvable Lie group, and let £ G q* with coadjoint 
orbit := £l(£). Assume that the restriction of Q to the nilradical n of the Lie algebra g is 
closed. Then the orbit 0, is itself closed, and for any real character v of g which does not vanish 
on the stabilizer q{£) of I, we have that 

(2.2) lim tt + Tis = lim Q(£ + tv) = oo 

|t|^oo |t|^oo 

in the orbit space. In particular, 

(2.3) lim \\w e+TV (f)\\=0 

\t\^oo 

for every f G L 1 (G). 



Proof. Let p := £\ n be the restriction of £ to n. The stabilizers G(£) and G(p) of £ respectively 
of p in G are closed connected subgroups, and we have G(£) C G(p). There exists a closed subset 
T of G such that G is the topological product of T and G(p), i.e. such that the mapping 

TxG(p)^G, (t,u)^t-u, 

is a homeomorphism. In the same way let S be a closed subset of G(p) such that the mapping 

S x G(£) ^ G(p), (s,u)^s-u, 

is a homeomorphism (see [15]). For g G G and m G jj* , let us write the action of g on m as 

Ad* (g)m := g ■ m. 

Put m(^) := g(£) + n. It is well-known that 

(2.4) G(p) ■£ = £ + m(£) ± . 

In fact, if H = expf) := G{p), then 1) = {X G g : £{[X,Y]) = VY G n}. Therefore, if 
Y G m(£) and X G I), then 

i( e ^x Y) _ m = p{[Xj y]) + l p([x> [X ,Y}}) + ... = 0, 
since ad*(X)p = 0. This implies that H ■ £ C £ + m(£) ± . 



7 



Moreover, since the bilinear form Be(X, Y) := £([X, Y]) is non-degenerate on g modulo g(£), 
we have 

g(p)/g(£)~(n + g(e)) ± =m(e) ± , 

hence dimH ■ i = dimm^)^. We thus obtain (2.4). 

Assume now that lim n _,.oo $7 + r n v = £}(£'), for some f £ g*, which means that there exists 
a sequence {m n } n = {£ n + T n v} n tending to £' in g*, where £ n G f2 and r„ G M. 

We can write £ n = (t n s n )-£, with t n G T and s n £ S 1 . Since s n -£ = £+c/ n for some (/„ G m(i')- L , 
it follows that 

= (j-n^n) ' £ = tn ' £ ~\~ Qni 

and thus 

{£n Tn^)\n t n • £\ n , 

hence 

£'\ n = lim t n -£\ n . 

n^oo 

Since the restriction of Q to n is closed, we have that £'\ n = t' ■ p for some t' G T, and since Q\ n 
is homeomorphic to G/G(p) ~ T, it follows that 

lim t n = t' . 

Let us now take an element U G g(£) such that v(U) / 0. Then 

£'([/) = lim t n ■ £(U) + lim T n u(U) = t' ■ £(U) + lim T n u(U). 

n^oo n^oo n^oo 

Hence linij^oo r n = r' exists, and it follows that the sequence {q n }n convergences, hence also 
lim Tt ^oo s n = s' exists. Finally 

e = (t's') ■ £ + t'v 6fl + t'v. 
This proves (2.2), and (2.3) is an immediate consequence of (2.2) (see [5]). 

Q.E.D. 



3 Representations on mixed L p -spaces 

We assume again that g = go D gi D . . . D g q = n D . . . D g m = {0} is a composition sequence 
passing through n. Let us assume that n is a nilpotent ideal containing [g,g\. 

Let £ G g*, and let p(£) = p be the Vergne-polarization for £ associated to a fixed Jordan- 
Holder sequence 

= a D ai D . . . D a r = {0} 

refining this composition sequence. Then obviously po := p H n is a Vergne-polarization for 
£ := £\ n . As in the preceding proof, let g(£ ) := {X G : £ ([X,Y\) = VI" G n} be the 
stabilizer of £q in g. Then 

(3.1) PC£)(4)+P0- 

In fact, choose k such that = n. Then, for j < k and X G aj(£), we have ^o(P^^D = for 
every Yen, since n C Oj. This shows that p C 0(^0) + J2j>k a j(^o) = q(£q) + Po- 

Next, for every j > q, we choose a subspace x>j in gj of dimension < 2, such that gj + po = 
Vj © (flj+i + Po); and define the index set J as follows: 

J:={ J G{g,...,m-l}:»^{0}}. 
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Write J as an ordered d-tuple 

J = {ji < ■■■ < id}, 

where d := SJ, and put tr>j := C n, i = 1, . . . , d, and tn := roi © . . . © ro^. We shall often 
identify w with the direct product tui x . . . x n> d . 

The space m then forms a complementary subspace to the polarization po i n n, i-e- 

(3.2) n = tuffip . 
Let us choose a linear subspace b of p such that 

(3.3) P = bffipo- 

Then b n n = {0}, so that we may choose a subspace f) of g containing n such that 

:= bffif). 

Then f) is an ideal in g, and we may choose a subspace a of h, such that 

h, = affin. 

Then we have p PI h, = po, and, by (3.3), (3.2), 

(3.4) fl = a ffibffin = a©(p + n)=offitt)©p. 
Let P := expp, Po := exppo and N := expn. Then the mapping 

<J> = <J> G) p : a x m x P -> G, (S 1 , (toi, . . . ,w d ),p) i-> exp(5) exp(it>i) . . .exp(u; d )p, 

with u>j G roj , is a diffeomorphism, and 

E 1 = E G /p : a x to — > G, (S 1 , to) i-> $(5, e) 

provides a section for G/P, i.e. a x ro 9 (S 1 , w) i-> £^(5, w)P is a diffeomorphism from a x tn onto 
G/P. 

Similarly, tt) 9 iw i— > P(0,zi))Po is a diffeomorphisms from ro onto N/Pq. 

We shall later make use of the "global chart" E for G/P in order to construct a more 
concrete realization of the induced representation tt£ on a Euclidean L 2 — space, which will then 
also allow for the construction of more general representations on mixed L p spaces. Crucial for 
this construction will be the subsequent analysis of "roots" on G. 

To begin with, let is construct a decomposition of po into subspaces Sj subordinate to our 
Jordan-Holder sequence. To this end, choose for every j > q a subspace tj in qj of dimension 
< 2, such that gj n po = 0j+i n po © tj, and define another index set / as follows: 

I := {j € {q,... ,m-l} :tj ^ {0}}. 

Write / again as an ordered e-tuple 

I = {j[<...<j' e }, 
where e := SI, and put Sj := r,/, i = 1, ■ ■ • , e . Then 

PO = Sl © • • • © Se — Si X . . . X 5 e , 

and the mapping 

$ P : b x po -> P, (T, F 1; • • • , Y e ) ' ^ exp(T) exp^) • • • exp(y e ) € P 
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is a diffeomorphism which identifies the Lebesgue measure on b x po with the Haar measure on 
P. 

Define also for every j = q, ■ ■ ■ , m — 1 the subspace Uj of Qj by Uj := Vj + Vj. Then Uj is the 
direct sum 

u j = x i © v ji 

and 

(3.5) g j =u j ®g j+1 , j = q, ...,m-l. 
In particular, we have 

n = U q © • • • © lhn-1- 

According to (3.5), for j = q, . . . , m — 1, X G q and U G Qj, we may write 

(3.6) ad(X)(U) = aj (X)U + Uj, 

where Uj is the component of ad(X)(U) in Qj+i, and where ctj(X) is an endomorphism of Uj. 
Then otj is an irreducible representation of q on Uj, which we shall call a root of q. Since G is 
exponential, the eigenvalues of ctj(X), considered as an endomorphism of the complexification 
of Uj, are of the form a(l + i(3), where a and (3 are real numbers. For X G g and j = q, . . . , m — 1, 
let 

Tj-pQ :=tr ad fl . /fl . +1 (X)=tra J (X), 

where by ad Bj / flj+1 (X) we denote the factorized adjoint action of X on the quotient space flj/flj+i- 
The functionals Tj are characters of g, since ad flj ./ 0j . +1 (X) = for every X G n. Since ad(p) 
acts on g/p, one finds that for X G p the corresponding "trace of &d(X) modulo p" is given by 

(3-7) tv ad Bj+p/aj+1+p (X) = EjTj(X), j = q, . . . ,m - I, 

where 

dim <0j 

£j := — S j =q, ...,m-l. 

dim Uj 

Observe that Ej / if and only if Qj + p/flj+i + p ~ Vj is non-trivial, i.e. if and only if 
j G J = {ji < . . . < jd}- For i = 1, . . . ,d and T G p we shall therefore put Aj(T) := otj^T), so 
that for every Wi G roj 

(3.8) ad(T)(wj) = \i(T)wi modulo fl^+i, i = l, 
Then, by (3.7) and (3.8), we have 

d 

(3.9) trad fl/p (T) = ^e, i trA i (T), T G p. 

i=i 

Observe now that also the mapping 

*:bxoxiV^G, (T, S, n) i-> exp(T) exp(,S)n, 

is a diffeomorphism. And, for every R £ a, w = (u>i, . . . , wj) G ro and 5 G a, TGbCp, nGn 
we have 

( exp(T)exp(S')n)~ 1 £;( J R,u;) 

(3.10) = n _1 exp(- S)exp(T)- 1 exp(R)exp(T) (j[exp(e" ad ^w l ) ) j exp(-T). 
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From (3.8) and (3.10), one can deduce that 

(3.11) (exp(T) exp(S)n)- 1 E(R, w) = E(R - S, u{R, w, T, S, n))p{R, w, T, S, n)' 1 , 

where u>: axwxbxaxN^rv, p: axtvxbxaxN^P are analytic mappings which 
depend polynomially on w and n, and where to = (lo±, . . . , ujd), with 

(3.12) uji(R,w,T, S,n) = e~ Xi( - T \wi) + tii(R,wi, . . . ,Wi-i,T,S,n). 
Because of (3.3) and (3.10), we have p(R,w,T, S,n) = exp(T) mod Pq, i.e. 

(3.13) p(R, w, T, S, n) = exp(T) is(R, w, T, S, n), 

with u(R, w, T,S,n) G P = P (1 N. 

Putting p := exp(T) <G P, we therefore obtain 

A GjP (p(R, w, T, S, n)) = A G>P (p) = j^Siryp 

= e -trad B (T)+trad p (T) = g -tr ad B / p (T) 

hence, by (3.9), 

d 

-52 ej.tr \i(T) 

(3.14) A GtP (p(R,w,T,S,n)) =e *=i 
In particular, if we define the real character A on G by 

A(exp(X)) := exp ^- 1] ejTj(X)j = exp ^- ]T e^X^j , Ie g , 

then 

(3.15) &g p(p) = A(p) for every p£P. 

Now, in oder to realize the representation on a Euclidean L 2 -space, we first observe that the 
left-invariant linear functional § G /p dx in (1.1) is given by 

(3.16) / f{x)dx= f f oE(R,w)dRdw V/g£(G,P) 

JG/P Jaxm 

(see [15, Theorem 2]). For / G £(G, P), let us put 

f(x):=A(x)f(x), xGG. 

Since, by (3.15), A is a character of G which extends Ag,p from P to G, we have for x G G and 
p G P 

f(xp) = A(xp)f(xp) = A(x)A(p)A GiP (p)- 1 f(x) = />)■ 
Thus the mapping A 2 : / i— > / is a linear isomorphism from £(G, P) onto the space 

£(G,P) := {/ G G(G, C) : / has compact support modulo P, 

and f{xp) = f(x) Vx G G,p G P}. 



Identifying functions on G/P with P-right-invariant functions on G, we thus see that £ (G, P) ~ 
Cq(G/P). Moreover, if we define for any continuous function / with compact support on G/P 
its integral by 
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/ f(x)dx:= f /^- 1 {E{R,w))f{E{R,w))dRdw, 

JG/P Jaxm 

then clearly 

(3.17) / f(x)dx= ! fdx for every / G £(G, P). 
JG/P JG/P 

Comparing with (1.1), we find in particular that 

(3.18) / F(x)dx= { ( F(xp)A(xp)dpdx for every / G Go(G). 
Jg Jg/pJp 

Let us define the space 

£(G,P,£) := {/ G G(G, C) : / has compact support modulo P, 

and f(xp) = Xe(p)f{x) Vx G G, p G P}, 

endowed with the norm || • ||2 given by 

(3.19) ||/||1:=/ \f(x)\ 2 dx= f IA- 1 / 2 (E(R,w))f(E(R,w))\ 2 dRdw. 

JG/P Jaxm 

Observe that |/| 2 G £{G,P), if / G £(G,P,£). Let H e denote the completion of £(G,P,£) with 
respect to this norm. It is obvious that the mapping A : f i— > A 1 / 2 / is a linear isomorphism 
between £(G,P,£) and £(G,P,£), which extends to an isometric isomorphism of the Hilbert 
space Ht onto the Hilbert space TCg. Moreover, Hp is nothing but the space 



L 2 (G/P,£) := {/ : G -> C : / is measurable, and /(xp) = Xi{p)f{x) 
for a.e. x G G and every p G P, s.t. ||/||2 < oo}. 

We may therefore intertwine the representation ire with the operator A in order to obtain a 
unitarily equivalent representation fig on L 2 (G/P,£), given by 

tt/(s) := ^(s)^- 1 , 5 GG. 

A straight-forward computation shows that tti is given explicitly by 

Mg)f](x) = A{g) l ' 2 f{g- l x) for all / G L 2 (G/P,£), g,x£G, 

i.e. 

(3.20) n(g) = A(g) 1 / 2 X(g), g G G. 

For a "multi-exponent" p = (p,pi, . . . ,Pd) G [1, oo[ 1+d , let us now define the mixed LP -space 
LP(G/P,£) ~LP(o,(LP 1 (»i,> l (w2,...))) W 



LP{G/P,£) := {/ : G -» C : / is measurable, and /(xp) = Xi{p)f{x) 
for a.e. x G G and every p G P, s.t. ||/|| p < oo}, 

where the mixed L--norm is given by 

II/IIp 



/ f ...If (f (A p f)(E(R,wi, . . . ,Wd)) Pd dwd) Vd dwd-i\ ...dwA dR 

^Ja yJm i \ -An,, i m, ; / / 
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The space £(G,P,£) is dense in l£(G/P,£), for any p. 
Put 

7*(p) : = — , i = l,...,d, 

Pi 

and define the character S p of j; by 

d 

5 P (X) := lM £ 3Jki X )^ XX €p, 
i=i 

-, m— 1 

5ppT) := - ^ EjT^X), if X G a + n. 

Observe that S p is well-defined, since (a+n)np C n, and since Tj vanishes on n. The corresponding 
character of G is given by 

A^exppT)) := e-W, X e g. 
Notice that for 2 := (2, ... ,2) we have 

(3.21) A 1 = A 1 / 2 and || • || 5 = || • || 2 . 
Observe also that for i? G a, w G to, we have 

A(E(R,w)) = A(exp(i?)). 
Let T G b and i? G a, G to. Then, by (3.11), (3.12), we have 

exp(T)- 1 J B( J R, u>) = {e^^ + u>i(R, w u ..., w^T, 0, e)}f =1 )p(R, w, T, 0, e) _1 . 
From the definition of the norm 1 1 • | \ p we therefore obtain 

||A(y)/|| £ = Apiy^WfWp for every / G L?(G/P,£), y G P. 
Similarly, for S G a, we have that 

exp S~ 1 E(R, w) = E(R - S, {w, t + uii(R, iwi, . . . , Wj-i, 0, e)}f =1 )p(i2, iu, 0, e)" 1 , 

hence 

||A(exp5)/|| E = A^exp^))- 1 !!/!^ for every / G L?(G/P,£), Sea. 
Finally, if we choose n £ N, then of course 

l|A(n)/|| £ =||/|| £ . 

It is now clear that we obtain an isometric representation ttj of G on L^-(G/P,£) by letting 
[4(g) f](x) := A £ ( 5 )/( 5 - 1 x), 5) x G G,f G L?(G/P,£), 

i.e. 

(3.22) Trf (</) = Ap(g)\(g), geG. 

Notice that by (3.20) and (3.21), the representation 7r| is unitarily equivalent to 7r^, i.e. 

(3.23) tt| ~ 7T^. 

In the sequel, we shall work with 7r| in place of 7T£. With a slight abuse of notation, we shall 
therefore denote 7r| simply by 7i^. Observe that then for every function / G L^(G) such that 
ApA- 1 / 2 / G L X (G), the operator 4(f) 

is given by the formula 

(3.24) 4(f) = ^(AjA-^f), 
acting boundedly on the space l£(G/P,£). More generally, we have 
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Proposition 3.1 Let p,q G [l,oo[ 1+d , and let f G L l (G) such that A^A" 1 / G L 1 (G). Then 

the operator irj(f) extends uniquely from L^(G/P,£) n L^(G/P,£) to a bounded operator on 
LS-(G/ P, £), given by the formula 

(3.25) vrf(/)=vrf(A,A £ V). 
In particular, one has 

( 3 - 26 ) \\^j{f)\\U-{G/P,i)^Ll{G/P,i) ^ IIApAgVlll- 

4 Auxiliary results 

4.1 Compact operators acting on mixed L p -spaces 

In this subsection, let M := X x Y be a product of two measure spaces (X, dx) and (Y, dy). For 
1 < p < oo, denote by l£ the mixed L p -space L P (X, L 2 (Y)), endowed with the norm 

II/He := (J x (J Y \f(x,y)\ 2 dy7 /2 dxy /P . 

By Ia we denote the indicator function of a set A. 

Lemma 4.1 (i) Let E = {E±, . . . ,E n } be a family of disjoint measurable subsets of finite mea- 
sure in X, and denote by S : L- — > L^- the associated averaging operator 

S(f)(x,y):=p^^J E f(u,y)du^j I E .(x), f G D>, (x,y)eXxY 

with respect to the first variable. Then the operator norm of T is bounded by 1, for every p. 

(ii) Similarly, let T = {F±, . . . , F m } be a family of disjoint measurable subsets of finite 
measure in Y, and denote by T : L 1 - — > L^- the associated averaging operator 

T(f){x,y):=jr^r^J F f(x,v)dv^j I F .(y), f G L-, (x,y)eXxY 
with respect to the second variable. Then the operator norm of T is bounded by 1, for every p. 



Proof. In order to prove (i), we write f x (y) '■= f(x,y). Then 



where fj := f E , f u du G L 2 (Y). Therefore 



iW),ii 2 = E^iii^ii2^(^ 



E 

3 

hence 



J x \\s(f) x \\ p 2 dx = y: r^-mm\ = e i^-Mi/iiis- 
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But, by Minkowski's integral inequality and Holder's inequality, 
WfM = II J E fudu\\l< ^ E \\f u \\ 2 dnJ 

< \Ej\ p/p ' [ \\f u \\ p 2 du = \E j r 1 I \\f u \\ p 2 du. 

^3 ^3 

Consequently, 

iw)ii£<£/ Wfu\\ P 2du = f wuwidu- 

J J 

The proof of (ii) is even simpler. Indeed, for / € L-, we have 



wnmi = j x \j Y ET^-M(y)J F f(^)dv 



2 \ 

dy 



p/2 



dx 



< 



f(x, v) dv 

\P/2 



j x ^j Y \f{x,v)\ 2 d V y lz dx 



P/2 / 



p/2 

x, v)\ l dv I dx 



Q.E.D. 

We are now in a position to prove the following variant for mixed L p -spaces of an interpolation 
theorem by Krasnoselskii [13]. 

Theorem 4.2 Let p,q G [1, oo[, p ^ q, and let K be a linear operator on L- + L- which maps 
U- compactly into l£ and L?- boundedly into L^. Then K is a compact operator from L- to L-, 
for every r lying strictly between p and q. 



Proof. Observe that the space S of simple functions of the form J2j a j^Ej ® ^Fj, where the 
Ej and Fj form finite families of measurable subsets of finite measure in X, respectively Y, lies 
dense in L-, for every 1 < r < oo. 

Denote by -Bi(O) the unit ball centered at the origin in L 1 -. Since K := K{B\(fS)) is a compact 
subset of L^, for every fceNwe may thus find simple functions fi , . . . , fj in S such that, for 
any g G /C, there exists a j such that \\g — fj\\ p < ^j- 

Choose next finite families £ k = {Ei, . . . , E% }, respectively T k = {F^, . . . , F^ k } of disjoint 
measurable subsets of X, respectively of Y, such that every / = fj can be written as a linear 
combination of functions of the form I F k ®Ipk. 

r s 

Denote by S k and T k the averaging operator associated to 5 k , respectively T k in Lemma 4.1, 
and let R k be the operator of finite rank given by 

R k :=S k oT k , ken. 

Then R k fj = fj for any j, and so, if g G K,, and if we choose j such that \\g — fj\\ p < then 
we obtain from Lemma 4.1 that 



\\9-Rk9\\p<\\9-f% + \\Rk{f}-g)\\p< 



'-- k + i 
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This shows that lim^oo Rk{g) = g in for every g G K,. As a consequence, we obtain 

(4.1) lim \\R k oK-K\\ L P^ L P=0. 

For, otherwise we could find a sequence of functions fk in -Bi(O) and e > 0, such that 

(4.2) ||A||p = l and ||(i? fe - I) o Kf k \\ p _ > e Vfc. 

Passing to a subsequence, if necessary, we could then assume that the sequence of functions 
gk ■= Kfk had a limit g in /C, since K, is compact. This would imply limfc^ 00 (i?fc — I)(gfc — g) = 0, 
hence limfc^ 00 (i?fc — I) o K(fk) = 0, contradicting (4.2). 
On the other hand 

(4.3) \\R k oK-K\\ Ll ^ Ll <2\\K\\ I j L ^ Ll , VkN, 

because | 1 1^<?^^<? is bounded by 1 for every k. Applying the Riesz-Thorin interpolation 
theorem, it follows from (4.1) and (4.2) that 

lim \\Rk o K — K\\ul -^u- = 0, 
for every r lying strictly between p and q. Our assertion follows. 

Q.E.D. 

In the sequel, we shall denote the space of compact operators on a Banach space E by K,(E). 
Moreover, if K is an operator as in Thm. 4.2, and if we consider K as a compact operator 
from L- to L-, for r lying strictly between p and q, then we shall also write K r in place of K. 
The spectrum of K r E IC(L-) will be denoted by a r {K). Given p € [l,oo[, we shall denote the 
conjugate exponent by p', i.e. ^ + h = 1- 

As for the spectra of K on different L— spaces, we have 

Proposition 4.3 Let 1 < < 2, and Ze£ K be a linear operator on L-o + ZS>, mapping the 
space L^o, as well as the dual space L-o, compactly into itself, so that, by the preceding theorem, 
K is a compact operator on L- for every p G [p ,p' ]- Assume further that K is self-adjoint on 
L-. Let A € a Po (K) \ {0}. Then X is real, and every generalized eigenvector of K Po associated 
to X is in fact an eigenvector, lying in n p e[po,p{,] ^ n particular, all spectra coincide, i.e. 
o-p(K) = 02 (if), and so do the eigenspaces corresponding to non-zero eigenvalues, for every 
P G bo, Pol- 

Proof. Let A G a Po (K)\{0}, and let E C D be two compact neighbourhoods of the line segment 
[A, A], which are invariant under complex conjugation, such that D is also a neighbourhood of E. 
Since the non-zero eigenvalues are isolated, by shrinking E and D, if necessary, we may assume 
that o-g(K) (ID C [A, A], for q = p , 2,p' . Then for any fi G D \ E°, we have that (K - /j,)" 1 
exists on Li for q = po, 2,p' , and there exists a constant C > 0, such that 

\\{k - ti^wuu,^ + im-jir'w^^w < c, v M g d\e°. 

Thus, by interpolation, we obtain 

(4.4) \\(K - lx)- l \\ LL ^ L v_ < C, for every fi G D \ E°, p G \p , P ' }. 
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In particular (if p — n) 1 exists on Li. This implies that no point fi G D \ [A, A] lies in any of 
the sets a p (K), p G \po,p'o\, i-e- a p(K) H D C [A, A]. Let 

23 := f) Li. 

Then L> is dense in L- and invariant under if p , for every p G [po>Po]- 
We show that, for /j, G D \ [A, A], the restriction 

(K p -^)- l \ v 

of (if p — fi)^ 1 to the joint core V does not depend on p G [ptbPo]- 
Indeed, let (eiZn Li, and let 

rip := {K p - r) q := (K q - fi)' 1 ^ 

for given p,q £ \po,p' }. Then, for ip £ T>, we have that 

(Tfr, (if - /z)<^) = <(if p - ^r 1 ^ (if - Jl)<p) = {£, y) = (v q , (K - ]i)<p). 

Since (if — fi) is invertible on L-, it follows that (if — /l) is invertible on the dual space (Li)', 
and the same applies to (Li)'. Consequently, (if — ~p)(T>) is dense in (Li)' as well as in (Li)', 
so that T) p and rj q coincide as linear functionals on (Li)' and on (Li)', and so rj p = rj q G L^-HL^. 
This implies that (if g — /u) -1 ^ = (if po — /«) _1 £ for every £ G X> and every g G [po>.Po]- 

Let r be a simple curve in D \ E° whose winding number with respect to every point in the 
interval [A, A] is one, and let 

P p := J^(K p - j)' 1 dj, pG[p , Pol- 
Then the operators P p coincide on V and are bounded by a common constant, by (4.4). The 
image imP p of P p is the sum of the generalized eigenspaces of if p over all eigenvalues of if p 
which are contained in a p fl [A, A]. In particular, the image of P p is finite dimensional, since if p 
is compact. Since imP p = P P (L>), we thus have 

imP p = P p ( f| Li)=imP 2 . 

In particular, im P p does not depend on p. 

Since if is self-adjoint on L-, its restriction to imP 2 is also self-adjoint on imP2, and so every 
eigenvalue of if, when acting on imP p , is real, for any p G [pojPol- This applies in particular to 
A. We thus see that cx p (if ) n D = {A}, that imP 2 C V, and that imP 2 is in fact the eigenspace 
of if associated to A, for any p G [pojPal- Furthermore, every eigenvector of if for the eigenvalue 
A in Li is contained in flge^,^] 

Q.E.D. 

4.2 Approximate units of Herz-Schur multipliers 

Let G be a locally compact group, endowed with a left-invariant Haar measure dx. If if is a 
continuous function on G, we shall denote by A(if) : Cq(G) — > C(G) the convolution operator 
given by 

\(K)(<p):=K*<p, ^GCo(G); 
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here, A denotes again the left-regular representation. In case that X(K) extends to a bounded 
operator on L P (G), for some p G [1, oof, we shall denote the (unique) extension also by X(K). 

The following result is a consequence of the well-known theory of Herz-Schur multipliers and 
Fourier-Figa-Talamanca-Herz-Eymard algebras, see e.g. [10], [6], [7]. For the convenience of the 
reader, we shall provide a proof. 

Lemma 4.4 Let K G C(G), and assume that X{K) is bounded on L P {G). Let ip G L p ' (G) and 
7] G L P (G). Then also X((ip * fj) K) is bounded on L P (G), and 



(4-5) \\X(^*f,)K)\\L P -,L P < M\ P <\\v\\ P \\\(K)\\ 



Proof. 1£f,g€ C (G), then 

{\(ty*fj)K)f,g) = I I K(y)(i>*f])(y)f(y- l x)g(x)dydx 



K{y)i>{t)fj{t 1 y)f(y 1 x)g(x)dydxdt 
J J J K(y)i;(xt)7 1 {y- 1 xt)f{y- 1 x)g{x)dydxdt 
(K*(Vtf),ik9)dt, 



where we have used the abbreviation ht(x) := h(xt). Thus, by Holder's inequality and Fubini's 
theorem, we obtain 

\{\(ty*fi)K)f,9)\ 

< J ||A(K)|| L ^ LP |l^/ll P ll^ll P ^t 

< \\\{K)\\ LP ^ LP (^j J\ri(yt)\ p \f(y)\ p dydty /P (| j\^(xt)\ p '\g{x)\ p ' dxdt^ ,P 

= ||A(J0IIlp-lp|NIpII^IWI/IIpINIp'. 

This implies (4.5). 

Q.E.D. 

Assume next that G is a Lie group. If T is a right-invariant bounded operator on L P (G), then 
it follows from the Schwartz' kernel theorem that there exists a unique distribution K € V(G), 
such that 

(4.6) T(p = K*<p = \(K)((p), for every tp G V{G). 

We shall then also denote K by T5 e . Inversely, given a distribution K G V'(G), we shall 
denote by \(K) : V{G) —> C°°(G) the convolution operator given by 

\(K)(cp) := K*<p, p£V(G). 

In case that X(K) extends to a bounded operator on L P (G), for some p £ [1, oof, we shall again 
denote also the (unique) extension by X(K). The following proposition makes use of ideas in 
[14], [6]. 

Proposition 4.5 Let G be an amenable Lie group, let 1 < p < oo, and let K G V(G), such 
that the convolution operator X(K) is bounded on L P {G). Assume further that X(K) G C*(G). 
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Then X(K) is bounded on L q (G) for every exponent q lying between 2 and p, and there exists a 
sequence {K n } n in Cq(G), such that 

(4.7) lim \\X(K)-X(K n )\\ L ^ L2 = 0, 
and 

(4.8) | \X(K n ) | <\\X(K) Vn G N, 
for every q lying between 2 and p. 



Proof. Assume first that K G (7(G). We choose an increasing sequence {A n } neN of compact 
subsets of G such that G = [j n€N A n . Let e > 0. Since G is amenable, we can find compact 
subsets U n of G such that 

\( A n 1U n) A U n 



\U n \ 

Put 



< £. 



\u n 

For any q G [1, oof, let us put 



Then of course 
and 

If a G ^4 n , then 



1 1 



Wllp' = 1 = IK.ellp, n EN, 
(f>n,e = 1pn,e*Vn,e- 



V 

dt 



\\Ka)Vn,e ~ Vn,e\\l = TfT\ I ^A^t) ~ I Un (t) 

\Un\ JG 

= |7n f\aU n )Au n {t)dt<e. 
Observe that 0„ i£ (e) = 1. Therefore, for any a G A n , we have that 

|^n, £ (a) - 1| = \<t>n,e{a) ~ <t>n,e{ e )\ = I j ^n^Vln^a^t) - r)n,e\ dt \ 

Thus, if we put <j) n := (f> nj i/ n , n > 1, then we see that the functions <j) n tend to 1, uniformly 
on compacta. Let us put K n := 4> n K. Then K n G Co(G'), and, by the preceding proposition, the 
K n satisfy (4.8). Moreover, since X(K) G C*(G), there exists a sequence {fj}j in Co(G) such 
that Hindoo ||A(-ftT) — A(/j)|| = 0, where by || • || we denote the operator norm on L 2 (G). Since 
lim n _^ 00 \ \fj - (f> n fj\\i = 0, for every /_,- we see that lim^oo \ \\(fj) - X(<p n fj)\\ = 0. Moreover, 
by Lemma 4.4, we have 

\\X(K) - X(K n )\\ < \\X(K) - X(fj)\\ + \\X(fj) - AO^OH + \\X(Mfj ~ K))\\ 
<2 IIA^-A^OH + IIA^O-A^OH. 
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Thus, given e > 0, we may first choose j such that 1 1 X(K) — X(fj) 1 1 < e/2, and then no G N x such 
that ||A(/j) — \{4> n fj)\\ < e/4 for every n > uq. Then ||A(iT) — A(if n )|| < e for every n > no, i.e. 
(4.7) is also satisfied. 

For an arbitrary K G T>'{G) satisfying the assumptions of Prop. 4.5, we may argue as 
follows. We fix an approximate identity {xi}i in T> (G) such that ||xi||i = 1 for every i, and put 
K® := Xi*K. Then K® G C(G). Moreover, 

\\X(K) - X(K^)\\ < \\X(K) - X(fj)\\ + \\Xifj) - \(xi*fj)\\ + \\X( X i * (fj - K))\\ 

<2 Wxw-xww + Wfi-xntfjWu 

where {fj}j is again a sequence in Cq{G) such that limj-^oo ||A(i^) — A(/j)|| = 0. Thus, arguing 
similarly as before, we see that 

lim ||A(^)-A(K (i) )|| =0. 

i— >oo 

Let us put := 4> U K^ £ Cq(G). Then, we know already that 

||A(#W)|| L ^ L , < ||A(^W)|| L ^ L , < \\xi\\i\\X{K)\\ L ^ Lq = \\X{K)\\ Lq ^ Lq . 

Moreover, we have 

\\X{K) - X(kU)\\ < \\X(K) - \{K®)\\ + \\\{K®) - \(K®)\\. 

Thus, if e > is given, we may choose i such that ||A(-RT) — A(-RT^)|| < e/2, and subsequently 
n G N x such that \\X(K^) - A(i#)|| < e/2 for every v > n . Then \\X(K) - X(K^)\\ < e for 
every v > uq. This shows that we may find a subsequence K n among the K$ satisfying (4.7) 
and (4.8). 

Q.E.D. 

5 An analytic family of compact operators 

Let us now choose a fixed sub-Laplacian L on G, and denote by {e~ tL }t>o the heat semigroup 
generated by L. We recall some well-known facts about this semi-group (see e.g. [16], also for 
further references). 

For every t > 0, e~ tL is a convolution operator 

(5.1) e - tL f = h t *f, 

where the {ht}t>o form a 1-parameter semigroup of smooth probability measures in L l (G). 

Moreover, as a consequence of Gaussian estimates for the heat kernels, one has the following 
extension of Lemma 5.1 in [16], whose proof carries over to the present situation. 

Proposition 5.1 Let s be a subspace of q complementary to n, for instance s = o + b, so that 
the mapping s x N 3 (S, n) i— ► exp(S')n G G is a diffeomorphism from s x N onto G, and fix a 
norm | • | on s. For any a > 0, j G N, put 

h a { j (exp(S)n) := | < SP'e a l 5 l/i 1 (exp( < S)n), (S,n) G s x N. 

Then h a j G L l (G). Moreover, there is a constant C a > 0, such that 

(5.2) ll^'lli<^ +1 r(| + i). 



20 



If x is an y continuous, real or complex character of G, with differential d\ G g£, then 
x(exp(S*)n) = e dx ( s \ We therefore have the following 

Corollary 5.2 \h\ G /or ewery continuous character \ ofG. 

From now on, we shall make the following 

Assumption. I G g* satisfies Boidol's condition, and fi(^)|„ is closed. 
Moreover, we assume and p G [1, oo[, is fixed. 

Then, since I satisfies (B), there exists at least one root A of g, such that A| g m is a non-trivial 
root of the g(£)-module g/p (see [2]). Consequently, there exists at least one index i G {1, . . . ,d}, 
such that 

M 3 (e) 0, 

and (g^ +p)/(flj i +i +p) / {0}. Notice that the latter condition is equivalent to ^ 0. Choose 
z minimal with these properties, and put 

(5.3) p:=(p,...,p,2,2,...,2), 

where the last p occurs at the i-th position. 
Then, for T G p, we have 

(<% - %)(T) = 2 k fc r Jfc (T) + £ k fc r ifc (T) - £ k fc r Jfc (T) = (!-!)£ Mfc (T), 
fc=l ^ fc=i+l fe=l ^ fc=l 



and for X G a + n one has 



1 1 m_1 

ft-W = (:-5)E £ ^(4 
p z fc=i 

Thus, if we define the real character v of g by 

v{X):=Y j s jk r jk {X), ifXGp, 
k=i 

m—l 

u(X) := £ £ fe r fe (X), ifXea + n, 
fc=i 

then 

(5.4) ApA- 1 (exp(X)) = e ( ^^W, X G g. 

Moreover, since Tj k (T) = for 1 < A; < z and T G g(^), we have 

( 5 - 5 ) "\aW = £ 3i T 3iW) 

For any complex number z in the strip 

S:={CGC: |ImC| <l/2}, 

let A ^ be the complex character of G given by 

A 2 (exp(A0):=e-^ x ), X G g, 

and Xz the unitary character 

Xz (eMX)) := e~ mc ^ x \ X G g. 
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Since, by (5.4), 

A 2 (x) = x,A^A_ 1 , 
if we define p(z) oo[ by the equation 

(5.6) lm(z) = 1/2- l/p(z), 
we see that the representation 7r|, given by 

(5.7) irf(x) := A z (x)Tr e (x) = X z(x)TT P e (z) (x), x G G, 

is an isometric representation on the space L p( - Z \G/P, £). 

Observe that for r G M, we have p(r) = 2, and ttJ = Xr <8> ne is a unitary representation on 
L? . Moreover, 

(5.8) irj ~ 7^_ TJ/) 

since the mapping / i— > % T / intertwines the representations Xr <8> ^ and 7r^_ Ti ,. 
Let us put 

T(z) :=7r|(/n) = ^(A^i), ^S, 

and let us shortly write 

LP := LP(G/P, i), \<p<oo, 

where p is given by (5.3). 
Since, by (3.24), 

(5.9) T(z) = ^(A,A f A ? %), 

it follows from Cor. 5. 2 and Prop. 3.1 that the operator T(z) leaves L q invariant for every 
1 < q < oo, and is bounded on all these spaces. Much more is even true. Let us write T q (z) in 
place of T(z), if we consider T(z) as a bounded operator on LP. The spectrum of T q {z) will be 
denoted by cr q (z). 

Proposition 5.3 For every q G]l,oo[, the mapping £ 3 z i— > T q (z) is an analytic family of 
compact operators in the sense of Kato ([12]). Moreover, i/r£K, then ?2(t) is self-adjoint on 
L?. 



Proof. By Thm. 2.2, the orbit is closed. Moreover, Cor. 5.2 shows that A z hi £ L l {G), 
and consequently T(z) = ne(A z hi) is a compact operator on L? . On the other hand, in a similar 
way we see from (5.9) that T(z) is bounded on LP, for every 1 < q < oo. Since LP is a mixed 
L p -space of the type L P (X, L 2 (Y)) considered in Section 4.1, we may apply Thm. 4.2 to conclude 
that T q {z) is compact for every q g]1, oo[. 

Next, let C, £ S be fixed, and consider T(Q + z), for \z\ sufficiently small. We have 

^2, (-j z V 

(5.10) T(C + z) = tt^A^/h) = 2 L -^ J , 

j=o • ? - 

where 

S,- := ^((i/ o log) J A^x) = o log^'A^Ar 1 ^)- 
By Prop. 5.1 we see that 

(5-11) l|SA^L«<^ +1 r(| + i), 

where the constant C q > stays bounded whenever g runs through a compact interval. Moreover, 
arguing for Sj as we did for T(z) before, one finds that Sj <G KL{LP), for every q <G]l,oo[. Thus, 
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by (5.10) and (5.11), the mapping z i— » T q (z) is holomorphic from S into )C(L q ), for 1 < g < oo 
(it even extends to an entire mapping from C into )C(L q ).) 

Finally, if r € R, then 7rJ is a unitary representation on L 2 , so that T(r)* = 7rJ(/ii)* = 
TTj(^) = TTj^) = T(r). 

Q.E.D. 

We can now prove the following perturbation result. 

Proposition 5.4 Zei 1 < po < 2. There exist an open neighborhood U of a point zq G M in the 
complex strip S and holomorphic mappings 

A : U -» C 

anc? 

P0<P<Pq 

smc/i i/iai £(z) 7^ and 

(5.12) = A(z)f (z) /or every z G t7. 
Moreover, shrinking U, if necessary, one can find a constant C > such that 

(5.13) ||£(*0IIl? < C for every z G U, p € [po,Po]- 

Proof. Let zo G S be real. Then, by Prop. 5.3 and Prop 4.3, the LP- spectrum of T p {zq) 
is independent of p, and agrees thus with 02 (zo)- Moreover, for every non-trivial eigenvalue 
Ao G o"2(-2o) of T(zo), every generalized eigenvector £0 associated to Ao is in fact an eigenvector, 
lying in V := r\ Po <p< P > LP- Let us for instance choose for Ao the largest eigenvalue of T{zq). 
Consider the three analytic families 

{T q ( z )}zez, for q = p Q ,2,p' Q . 

By choosing zq in such a way that Ao is a non-branching eigenvalue for all three analytic families 
and applying analytic perturbation theory (see [12]), we may find an open connected neigh- 
borhood U of some real point zq E R in S and three holomorphic families U 3 z <— ► X q (z) of 
eigenvalues for the operator T q (z), q = po,2,p' , which all coincide at zq with the eigenvalue 
Ao- Moreover, we may choose a neighborhood W of Ao such that 

W (~1 o-q(z) = {X q (z)} for z € U, q =p ,2,p . 

Let 

P q (z) := f (T q (z) - fl)' 1 dfi, zGU, 

where T is a circle in W winding around Ao once. By shrinking U, if necessary, we may also 
assume that the curve T separates X q (z) from the remaining elements of cr q (z), for every z <G U 
and q = po, 2,p' . Then P q (z) projects onto the generalized eigenspace E q (z) of T q {z) associated 
with the eigenvalue X q (z), for q = po,2,p' . Moreover, T> is the core considered in the proof 
of Prop. 4. 3, and we had seen there that, for real z G U, the restrictions of the resolvents 
(T p (z) — /Lt) _1 to V do not depend on p, so that the same applies to the projectors P p (z). Since 
P q (z) depends holomorphically on z, it follows that 

(5.14) P q {z)\ v = P 2 {z)\ v for every z G U n R, q = p , 2,p' 
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Moreover, since we may assume that P q (z) is uniformly bounded on L q , for z G U and q = 
Po,2,p' , by interpolation we derive from (5.14) that 

(5.15) II^M^ILp < CM L¥ VzeU, P e [ Po ,p' ], e g P. 

Choose now {0} such that T(zo)£o = Ao£o> and put 

£(z) :=P 2 (z)to, zGU. 

Then £(z) G T>\{0} for every z £ U, (5.13) holds because of (5.15), and the mapping z i— » £(z) G 
T> is holomorphic with respect to every L^-norm, po < p < p' , provided we choose U sufficiently 
small. 

Furthermore, for real z G U, we have T(z)£(z) = \(z)£(z), and since both sides of this 
equation depend holomorphically on z, it remains valid for every z G U. 

Q.E.D. 



6 The proof of Theorem 1 

We have to show that, under the assumptions made in the previous section, there exist a point 
Ao in the L 2 -spectrum of L and an open neighborhood U of Ao in C, such that every LP-multiplier 
F G Coo(R) extends holomorphically to U. Since a 2 (L) = [0, oo[=: R + , we may restrict ourselves 
to multipliers on R + . 

Lemma 6.1 Let 1 < p < oo, and let F G M P (L) n C OCJ (R + ). Then F(L) G C*(G), and F(L) is 
bounded on L q (G) for every q lying between p and p' . Moreover, there exists a constant C > 0, 
such that 

(6-1) ||F(L)|| L ,^ LB <C, */ |I-l|<|i-l|. 

Proof. Since F G Coo(R+), there exists a sequence of functions of Laplace transform type 
¥>n(A) = f£° 9? ra (t)e~ A * dt, where ip n G Co(R+), which converges uniformly to F (see [16], 
Prop.2.1). Moreover, if ip is a real valued function on R + , then dp is real valued too, as is 
the convolution kernel <p(L)S e = / °° ip(t)h t dt associated to <p(L). Let a n := Reip n , (3 n := lm<p n , 
and Fi := Re F, F 2 := ImF. Then F\ is the uniform limit of the a n , and F 2 is the uniform limit 
of the (3 n , so that consequently, for every real-valued function / G T>(G), one has 

F\{L)f = lim a n (L)f and F 2 (L)f = lim P n (L)f 

n — >oo n— »oo 

in L 2 (G). This shows that the F\(L)f and i^fX)/ are real- valued functions, whence 

||F(L)/|| p = ^J^(\[Fi(L)f] (x)\ 2 + \lF 2 (L)f](x)\ 2 y/*dxy /P > maxC^L)/^, m(DfU 

Hence F\ and F 2 are L p -multipliers for L too, and since F\(L)* = F\(L) = F\(L) as well as 
F 2 (L)* = F 2 (L), we see that F\(L) and F 2 {L) are also bounded on L p (G). This shows that 
F(L) = F\(L) + iF 2 {L) is LP -bounded, and (6.1) follows by interpolation. 

Q.E.D. 
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In view of Lemma 6.1, we may and shall assume in the sequel that 1 < p < 2. Let K := F(L)5 e 
be the convolution kernel of F(L), so that F(L)(p = K * ip = \(K)<p, for ip G T>(G). According 
to Prop. 4.5, choose a sequence {K n } n in Cq(G) such that 

(6.2) n 1 ™ H A ( K ) " KKu)\\l^l* = 0, 
and 

(6.3) ||A(^ n )|| L9 ^ L9 < \\\{K)\\ Lq ^ Lq Vn G N, 

for every q lying between 2 and p. 

We now apply the transference theorem in order to conclude that 

(6.4) M(K n )\\ L ^ L ^ < l|A(^n)|| L p(.) (G) ^ L pW(G) Vn G N,z G S. 

To this end, recall that our representation 7r| acts isometrically on a mixed L p -space of the 
type L P (X,L 2 (Y)), with p = p(z). Such a space can be embedded into an L p -space. Namely, 
L 2 (Y) is isometrically isomorphic to a subspace of L P (Z) (see [17] Lemme 1 or [8] Corollary 1). 
Then of course L P (X, L 2 (Y)) is isometrically isomorphic to a subspace of L P (X x Z). However, 
the proof of Theorem 2.4 in [4] remains valid also for bounded representations on closed subspaces 
of L p -spaces, and we can thus apply the transference theorem in [4] to obtain (6.4). 

Remark. (6.4) is an immediate consequence of the inclusion A{^)A P C A p of Theorem A in 
[8] and Theorem 6 in [9]. It seems that Herz understood transference very well, but in his 
publications rather concentrated on abstract results (notably in [8]) and made explicit only few 
consequences. We felt that in case of (6.4) (as in section 4) re-proving certain more or less known 
results is more convenient then explaining how to translate and properly combine known results 
to get what we need. 

From (6.1), (6.3) and (6.4) we get 
(6-5) \\^(K n )\\ L —^ L -^<C for every z G T, p , 

where S p denotes the smaller strip 

S p :={ C GC: |ImC| < --^}. 

p z 

Next, letting p := p, choose holomorphic families X(z) of eigenvalues for 7r| = T(z) and 
associated eigenfunctions £(z), z G U, as in Prop. 5.4, and assume w.r. that U C T, p . 

Fix tp G Cq d (G/P,£) such that (£(z),ip) ^ for every z G U (if necessary, we have to shrink 
U another time to achieve this), and consider the complex functions 

K ■ U -> C, z ^ {irl(K n )Z(z), if>), n G N, 

which are holomorphic in U. 

By (6.5) and (5.13) we obtain 

\h n {z)\ < M(K n )\\ L ^ L ^ 11^)11-^1^11^ <C, Vz G U,n G N. 

The family of functions {h n } n is thus a normal family of holomorphic functions, and so, by the 
theorems of Montel and WeierstraB, there exists a subsequence {h nj }j which converges locally 
uniformly to a holomorphic limit function h on U. 

Now, if z G U is real, then the representation 7r| is unitary, and since, by (6.2), X(K n ) 
converges to \(K) in C*(G), as n tends to oo, it follows that h n (z) converges on U PI R to 
(irl(K)t;(zU),Le. 

(6.6) h(z) = (7r z e (K)az),^), zeUHR. 
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Let fi(z) := — log X(z), z £ U, where log denotes the principal branch of the logarithm. Then [i 
is holomorphic on U, and from nf(hi){;(z) = T(z)£(z) = X(z)^(z) we obtain that dirf(L){;(z) = 
fi(z)£(z). Prom (6.6) we therefore get (compare [16]) 

Hz) = (^(F(L))ew,v) = (F(^i(L))ew,v) = f^z)) (e(z),v), 

i.e. 

(0.7) FoMz) = J^l-, v 2el /n E . 

Now, clearly the right-hand side of (6.7) extends holomorphically to U, and thus Fo/j, extends 
to a holomorphic function on U. 

However, from Thm. 2.2 and formula (5.8) we deduce that 

lim 114(^)11=0, 

hence A(r) — > and h(t) — > +oo as r — > oo. Thus the function \x is not constant, and so, varying 
the point zq £ U n E slightly, if necessary, we may assume that (jl'(zq) ^ 0. Then /i is a local 
bi-holomorphism near Zq, and thus i 7 has a holomorphic extension to a complex neighborhood 
of /i(z ). 

Q.E.D. 

7 An example of a closed orbit whose restriction to the nilrad- 
ical is non-closed 

Let g be the Lie algebra spanned by the basis 

B = {R, S, T, X, Y, Z, Mi , M 2 , N U N 2 , }, 

with non-trivial brackets given by 

[T,X] = -X, [T,Y]=Y, [X,Y] = Z, 

[R, T] = M u [R, Mi] = M 2 , [R, M 2 ] = -M 2 , 

[5, T]=N 1 , [S, TVi] = 7V 2 , [5, 7V 2 ] = 7V 2 . 

Let a, (3 € K \ {0}, and denote by £ the element of g* for which 

£(Z) = 1, £(M 2 ) = a, £(N 2 ) = (3, t{U) = 

for all other elements U of the basis B. 
The stabilizer of £ in g is the subspace 

g(£) = span{T, Z, N t - N 2 , M 1 + M 2 }. 

Let 

<7(x, y, r, s, n, m) := exp xX exp yY exp ri? exp sS exp mM 2 exp niV 2 . 
Then the coadjoint orbit Q of £ is the subset 

17 = {Ad*(g(x, y, r, s, m, n) _1 )£ : x, y, r, s,m,n 6 E}. 

Denote by 

fi* := {R*,S*,T*,X*,Y*,Z*,M?,MZ,NZ,N%,} 
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the dual basis of B. Then 

Q = {- m R* + nS* + (a(e~ r - 1 + r) + (3{e s - 1 - s) - xy)T* + a(l - e^Mf 
+ ae" r M 2 * + /3(e s - l)N{ + /3e s iV 2 * - yX* + xY* + Z* : x, y, r, s,m,n € R}. 

We see that the restriction of 0, to the nilradical n = span{X, Y, Z, Mi, M2, N±,N 2 } is not closed, 
since, letting r tend to +00 and s to —00, the other parameters being fixed, one finds that the 
functionals 

aM{ + - yX* + xY* + Z* 

lie in the closure of f2|„. 

If a/ (3 > 0, then a(e~ r — 1 + r) +/3(e s — 1 — s) — tends to infinity, provided r tends to +00 
and s tends to —00 whereas x,y stay bounded. Hence the orbit Q is closed, whenever a/ (3 > 0. 

On the other hand, is not closed if a/ (3 < 0, since then the element aM^+PN^ is contained 
in the closure of the orbit ( take s := a+ P+ ar and let r tend to +00.) 

It is easy to see that the subspace p := span{T, Z, Y, Mi, M2, iVi, ^2} is the Vergne polariza- 
tion for I associated to the composition sequence 

= So D 01 3 • • • 3 010 = {0}, 
where Qj is spanned by the j + 1-st to last element or the ordered basis 

R,S,T,X,Y,Z,M 1 ,M 2 ,N 1 ,N 2 

of fl. 

The root A associated to the quotient space 

span{X, Y, M 1 ,M 2 ,N 1 ,N 2 , Z}/span{ Y, M^M^N^N^ Z} 

is the linear functional v := — T*. In particular I does not satisfy Boidol's condition (B). 

To fix the ideas, assume now for instance that a > 0, (3 > (which means that is closed), 
and consider a real sequence {rk}k£N such that lim^ooTfc = +00. Then the sequence of orbits 

:= fi + TfcT*, k € N, tends to infinity in the orbit space. Indeed, otherwise, for a subsequence, 
also indexed by k for simplicity of notation, for every k there would exist an element 

4 = (-m k R* + n k S* + a(e" r * - 1 + r k ) + /?(e Sfe - 1 - s k ) - x k y k + r k )T* 

+ a(l - e~ rk )Ml + ae" rfc M 2 * + /?(e Sfe - 1)^* + /?e Sfc iV 2 * - y fc X* + x k Y* + Z* G fi fc , 

such that lim^oo^fc existed in g*. Hence the sequences 

{Vk}k, {m k } k , {n k } k , {ae~ Tk } k , {(3e Sk } k , {ar k - (3s k + T k } k 

would converge. Since T k tends to +00, it followed that ar k — (3s k would tend to —00 for n — > 00. 
But {ar k } k and {— (3s k } k cannot tend to —00 for n — > 00, since then the sequences {ae _rfc }fc 
and {/3e Sfc }A; would diverge. 

This contradiction shows that Q, k tends to infinity in the orbit space as n tends to infinity. 
In particular, we see that in this example 

lim \\ir e+TkT *(f)\ \ = 0, 

for every / € ^(G). 

Q.E.D. 
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